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Abstract
We employ a conformal mapping transformation to solve a gen-
eralized Grad-Shafranov equation with incompressible plasma flow of
arbitrary direction and construct particular up-down asymmetric D-
shaped and diverted tokamak equilibria. The proposed method can
also be employed as an alternative quasi-analytic method to solving
two dimensional elliptic partial differential equations.
Two dimensional axisymmetric MHD equilibria relevant to fusion plas-
mas are governed by the Grad-Shafranov (GS) equation [1], a second order
elliptic non-linear partial differential equation. Since plasma flow plays a
role in the transition to improved confinement regimes in tokamaks, as the
L-H transition, generalized GS equations for flowing plasmas have also been
obtained (e.g. Eq. (1) below). Owing to non-linearity the above mentioned
equations must in general be solved numerically. One of the employed meth-
ods involves conformal mapping transformations appropriate to adapt the
real shaping of the magnetic surfaces to simpler in shape ones (usually circu-
lar) in the mapped plane [2]. This mapping facilitates solving numerically the
equilibrium as well as the stability problem. In addition, conformal mapping
was employed to transform a linearized GS equation, obtain analytic solu-
tions and construct compact toroidal equilibrium configurations [3]. Aim of
the present note is to generalize the study [3] by employing a more generic
conformal mapping transformation to solve the generalized GS equation (1),
and construct configurations of tokamak relevance.
The generalized GS equation governing axisymmetric equilibria with non-
parallel incompressible flow [4, 5], in normalized coordinates (ρ, ζ) can be put
in the form:
∆∗ψ(ρ, ζ) = −
[
I(ψ)
dI(ψ)
dψ
+ ρ2
dPs(ψ)
dψ
+ ρ4
dG(ψ)
dψ
]
(1)
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Here, ρ := R/R0, ζ := z/R0 where (R,ϕ, z) are cylindrical coordinates and
R0 is a reference length; ψ(ρ, ζ) is the poloidal magnetic flux function;
∆∗ :=
∂
∂ρ
(
1
ρ
∂
∂ρ
)
+
∂2
∂ζ2
(2)
I(ψ), Ps(ψ), G(ψ) are freely specified functions where I(ψ)/ρ is the toroidal
component of the magnetic field, Ps(ψ) is the plasma pressure in the absence
of flow and G(ψ) is related to the electric field and the density which is
uniform on magnetic surfaces due to incompressibility. It is also noted that,
owing to the flow the pressure, current and magnetic surfaces constitute there
different sets of surfaces.
We will employ the conformal transformation
ζ + iρ = g(w) = g(u+ iv) = ζ(u, v) + if(u)φ(v) (3)
which maps the coordinates (ρ, ζ, ϕ) in the new orthogonal system of coor-
dinates (u, v, ϕ). Using the Cauchy-Riemann conditions for the analyticity
of the transformation
∂ζ
∂u
= f(u)φ
′
(v),
∂ζ
∂v
= −f ′(u)φ(v)
dg(w)
dw
=
∂ζ
∂u
+ if
′
(u)φ(v) = f(u)φ
′
(v) + if
′
(u)φ (4)
the operator (2) is transformed into
∆˜∗ = h2ρ(u, v)
[
∂
∂u
(
1
ρ(u, v)
∂
∂u
)
+
∂
∂v
(
1
ρ(u, v)
∂
∂v
)]
(5)
where 1/h2 := |dg(w)/dw|2. In order to solve Eq. (1) by the method of
separation of variables we now adopt the linearing ansatz
dP (ψ)
dψ
= b, I(ψ)
dI(ψ)
dψ
= A2ψ + κ,
dG(ψ)
dψ
= G0 (6)
where b, A2, κ, G0 are non-zero parameters. Then we also assume separa-
bility of the following functions
ψh(u, v) = L(u)M(v), ρ(u, v) = f(u)φ(v) (7)
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where ψh is the general solution to the homogeneous part of Eq. (1). Using
(7) Eq. (1) becomes
f
L
d
du
(
1
f
dL
du
)
+
φ
M
d
dv
(
1
φ
dM
dv
)
+ A2[f 2(φ
′
)2 + (f
′
)2φ2] = 0 (8)
We now generalize the analysis of [3] by using Eqs. (4) and making the choice
f := f1cos(ku) + f2sin(ku)
φ := φ1cosh(kv) + φ2sinh(kv) (9)
with the further definitions ξ := cos(ku), η := cosh(kv), (0 ≤ ξ ≤ 1),(η ≥
1). The choice (9) includes the prolate and oblate spheroidal systems of
coordinates employed in [3] as particular cases. Here f1, f2, φ1, φ2, k are
arbitrary non-zero parameters. Then from Eqs. (4) we obtain
ζ = [f1sin(ku) − f2cos(ku)][φ1sinh(kv) + φ2cosh(kv)] (10)
f(ξ) = f1ξ + f2
√
1− ξ2 (11)
φ(η) = φ1η + φ2
√
η2 − 1 (12)
Furthermore, we use (6) into the generalized GS Eq. (1) by writing its
solution as ψ = ψp + ψh, that is as a superposition of a particular solution
ψp of the inhomogeneous Eq. (8) plus a general solution ψh of the respective
homogeneous equation; the particular solution is
ψp =
1
A2
(
−b+ 8G0
A2
)
(f(ξ)φ(η))2 − G0
A2
(f(ξ)φ(η))4 − κ
A2
(13)
The homogeneous equation leads to the following ODEs for L(ξ) and M(η):
(1− ξ2)d
2L(ξ)
dξ2
+ f(ξ)
√
1− ξ2 d
dξ
[√
1− ξ2
f(ξ)
]
dL(ξ)
dξ
+
[
Λ2
k2
− A2(f 2
1
+ f 2
2
)(φ2
1
+ φ2
2
)ξ2 − 2A2f1f2(φ21 − φ22)ξ
√
1− ξ2
]
L(ξ) = 0
(η2 − 1)d
2M(η)
dη2
+ φ(η)
√
η2 − 1 d
dη
[√
η2 − 1
φ(η)
]
dM(η)
dη
+
[
−Λ
2
k2
+ A2(f 2
1
+ f 2
2
)(φ2
1
+ φ2
2
)η2 − 2A2φ1φ2(f 21 + f 22 )η
√
η2 − 1
]
M(η) = 0
(14)
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where Λ is the separability constant for Eq. (8).
We have solved numerically Eqs. (14) using the fourth-order Runge-Kutta
method for the intervals 0 ≤ ξ ≤ 1, 1 ≤ η ≤ 4 with step size 1/N, N = 125.
As a concrete, specific example, the various constants were taken to have
the following values: k = 2pi/1.92, A = 1.95, Λ = 1.5, f0 = 0.2825, f1 =√
13f0/7, f2 =
√
3f1, φ0 = 2.4, φ1 = 1.05, φ2 = φ0φ1 = 2.52, b = 0.0195,
G0 = 0.145, κ = 0.05. The initial conditions were taken to be L(ξ = 0) = 1.0,
L
′
(ξ = 0) = 0.1, M(η = 1) = 1.0, M
′
(η = 1) = 0.1. This results in the
functions L(ξ), M(η), shown in Fig. 1 and in the up-down asymmetric D-
shaped equilibrium shown in Fig. 2. It is noted that up-down asymmetry
may drive fast intrinsic rotation in tokamaks [6]. The bounding flux surface,
shown in blue corresponds to ψb = −1.49 while on the magnetic axis, also
shown in blue, we have ψa = −2.15. The magnetic axis is located at the point
(ρa, ζa) = (2.095, 0.09). Its elongation is K = 2.4627, while its triangularity
is δ = 0.83. This equilibrium has peaked on the magnetic axis pressure and
toroidal current density profiles shown in Fig. 3.
We also have found numerically that the separability constant Λ can be
“quantized”, in the sense that for an infinite set of discrete values Λn, (n =
1, 2, ...), the corresponding solutions Ln(ξ) of Eq. (14a) are mutually orthog-
onal, i.e.
In,m :=
∫
1
0
dξLn(ξ)Lm(ξ) = 0, (n 6= m) (15)
A similar orthogonalization can be made for the solutionsMn(η) of Eq. (14b).
We have verified numerically that this quantization holds for broad regions of
the free parameters f1, f2, φ1, φ2, k, A, b, G0, κ. So a more generic solution
of Eq. (1) can be written as a superposition of these mutually orthogonal
functions of Eqs. (14):
ψ˜(ρ, ζ) = ψ(ξ(ρ, ζ), η(ρ, ζ)) = ψp +
∞∑
n=1
DnLn(ξ)Mn(η) (16)
where ψp is given by Eq. (13), ξ and η can be expressed in terms of ρ and ζ by
means of ξ = cos(ku), η = cosh(kv), (3) and (9); Dn are arbitrary constants.
As a concrete example for the parametric values and initial conditions given
above in the previous paragraph we have found numerically that for the
following choice for the “quantized” separability constant
Λn = n
d + c, (n = 1, 2, ...), d = 1.6, c = 1.81 (17)
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the orthogonality condition of Eq. (15) holds true, numerically, to a high
degree of precision. We conjecture that this holds true for any values of
the free parameters and the initial conditions involved. Thus, Eq. (16)
can be employed to construct more generic equilibria. A particular diverted
equilibrium with a lower X-point located at the low field side is given in
Fig. 4. This equilibrium corresponds to the first value of the parameter
Λ1 = 3.41 of Eq. (17) with a single non vanishing term in the sum of Eq.
(16) with D1 = 1. According to experimental results in the TCV tokamak,
the radial position of the X-point relates to edge intrinsic toroidal rotation
in correlation with the core rotation [7].
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Figure 1: The functions L(ξ) and M(η) as solutions of Eqs. (14a) and (14b)
for initial conditions and parametric values as described in the text of the
fourth paragraph.
Summarizing, we have employed a conformal mapping transformation
to solve a generalized GS equation with incompressible flow of arbitrary
direction by the method of separation of variables. Appropriate choices of the
mapping function permits the construction of configurations with desirable
shaping. As examples particular up-down asymmetric tokamak pertinent
equilibria either with D-shaped magnetic surfaces or a single X-point were
constructed.
We end up with a couple of remarks in connection with potential extension
and improvement of the present study. In the development of HELENA code
[8, 9], which solves the GS equation for a plasma surrounded by a fixed pre-
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Figure 2: The equilibrium obtained by numerical solutions of Eqs. (14)
associated with the homogeneous GS equation (8) and the analytic special
solution (13) of the respective inhomogeneous equation.
scribed boundary, it was realized that the conformal coordinates produced
a quite poor angular distribution of the grid. This drawback dictated the
employment of particular finite element coordinates instead of the conformal
ones to map the magnetic surfaces to a set of concentric circles. The same
mapping was employed to extend the above mentioned code by including
pressure anisotropy and toroidal flow [10] and flow parallel to the magnetic
field [11]. Also, this approach was suitable for the stability studies with
CASTOR [12], the later development of the FINESSE equilibrium code for
compressible flow [13] and the associated spectral code PHOENIX [14]. Sec-
ond, the method of expansion functions of Eq. (16) could be adopted into
a more general setting, which transcends the assumption of linear profiles
for the free equilibrium functions and the separability of the final equation
adopted here, in line with previous work on the subject [15], which is also
appropriate for stability considerations. This kind of expansion relies on a
conformal mapping of the computational domain on the unit circle using
Hilbert transform with simultaneous relocation of the magnetic axis in the
centre of the circle upon employing a Moebius transform as in [2]. Such
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Figure 3: Profiles of the pressure and current density for the equilibrium of
Fig. 2, on the horizontal line passing through the magnetic axis located at
ζ = ζa = 0.21. The pressure has been normalized with respect to P0 = 1
atm.
an approach could potentially be adopted in order to solve the generalized
Grad-Shafranov equation (1). We aim to investigate this possibility in a
future work.
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